EXTENDED DISTRIBUTIVE LAW: CO-WREATH OVER CO-RINGS. 
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Introduction 



L. EL KAOUTIT 

Abstract. A basic theory of cowreath or extended distributive laws in the bicategory of unital bimodules, is deci- 
phered. Precisely, we give in terms of tensor product over a scalar base ring, a simplest and equivalent definition for 
cowreath over coring and for comodule over cowreath. An adjunction connecting the category of comodules over the 
factor coring and the category of comodules over the coring arising from the cowreath products is also given. The dual 
notions i.e. wreaths over rings extension and their modules are included. 

o 
o 

o 

The notion of wreath in bicategory was introduced by S. Lack and R. Street in |13j . The notion of co- wreath 

qq is in some sense dual to that of wreath. Explicitly, given a bicategory B (see [2]), using [13] one can construct its 

(right) Eilenberg-Moore bicategory of comonads denoted by REM(B). A 0-cell of REM(B) is a pair (C, A) where A 

is a 0-cell of B and C is a comonad on A in B. A 1-cell (P, p) : (C, A) — > (D, B) consists of a 1-cell P : A — > B and 

2-cell p : D o P ^ P o C in B satisfying two conditions with the counits and comultiplications of the comonads C 

and D. A 2-cell (in reduced form) tp : (P,p) =4> {Q. q) is a 2-cell ip : D o P Q in B satisfying one condition with 

p, q and the comultiplication of the comonad D. A (right) cowreath in B is defined as in [13] to be a comonad in 

REM(B). Explicitly, a cowreath consists of a 0-cell A of B, comonad C on A in B, a 1-cell R : A — ► A, and 2-cells 

v:CoR=^RoC, £:Coi?=>ILi and 8 : C o (R o R) =>• R satisfying appropriate conditions. Notice that R need not 

itself be a comonad, but it could be while £ and 8 could be obtained from the counit and comultiplication of R: in 

this case r is called a distributive law between the comonad C and R, and due to J. Beck pQ. 

In this paper we study co-wreath in the bicategory of bimodules Bim (0-cells are unital rings, 1-cells are unital 
00 ' . 

bimodules, 2-cells are bilinear maps). For a given comonad in Bim i.e. coring, we review in Section [1] its Eilenberg- 
Moore monoidal category using 2-cells in their unreduced form. In Section we give in terms of tensor product over 
the base ring, a simplest and equivalent definition of co- wreath ( Proposition 12 . 2| ) . If the given coring arises from some 
' an entwining structure [5] we then establish a monoidal functor from the Eilenberg-Moore monoidal category of the 
d ■ factor coalgebra to its Eilenberg-Moore monoidal category. This gives a procedure to construct from the commutative 
case, an examples of co- wreaths with non commutative base ring (Proposition 12.5]) . Comodules over co- wreath and 
their morphisms are studied in Section [3J here again we give an equivalent definitions in terms of tensor product 
over base ring (Proposition 13.11 and 13. 2[) . The cowreath products is a coring with underlying bimodule a tensor 

■ product of a base coring and a cowreath (Proposition 13. 3| ) . Various functors and adjunctions are offered in Section [3] 

_ _ i 

(diagram (|3.3[) ). Section U] contains a analogous results for wreath over rings extension. A typical example of wreath 
is a distributive law between two rings whose wreath products is known in the literature as twisted tensor product 
algebra, see [HI HUH [3 Q3] (subsection OJ). 

Notations and Basic Notions: Given any Horn-set category % 7 , the notation X e srf means that X is an object 
of The identity morphism of X will be denoted by X itself. The set of all morphisms / : X — > X 1 in < ^ 3 , is 
denoted by Hom^ ( X, X'J . We work over a commutative ground ring with 1 denoted by K. All rings are assumed 
to be associative K-algebras. Modules are unital modules, and bimodules are left and right unital modules and 
are assumed to be central K-modules. Given A and B two rings, the category of (A, i?)-bimodules (left A-modules 
and right B- modules) is denoted as usual by a-^b- The K-module morphisms in this category will be denoted by 
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2 L. EL KAOUTIT 

Hovha-b (—) — J ■ The symbol — <g>A — (or sometimes — ® — depending on the context) between bimodules and bilinear 
map denotes the tensor product over A. Let A be a ring an A-coring [T7] is a three-tuple (<£, A,e) consisting of an 
A-bimodule £ and two A-bilinear maps 

A : £ — > £ ® A £ and e : £ — ► A, 

known as the comultiplication and the counit of £, which satisfy 

(£® j4 A)oA = (A(gu£)oA, (£®ie)oA = £ = (e ®a £) ° A. 

A Sweedler's notation for comultiplication will be used i.e. A(c) = cm ®a C(2) (summation is understood), for 
every c £ £. We use the notation (£ : A) for an A-coring £. An A-bilinear map (f> : D — ► £ is a morphism of 
an A-corings if it satisfies £j o ^ = e B and (<^> 0) o Aj) = Ag o A right £-comodule is a pair (M,p M ) 
with Af a right A-module and p M : M — > M <E>a £ a right ^-linear map (called right £-coaction) satisfying two 
equalities (p M ® A £) ° p M = (M ®a A) o p M , and (M ® A e) o p M = M. The Sweedler's notation for right £- 
coactions is as usual: p M (m) = m(o) <8>a m (i) (summation is understood), for every m £ A/. A morphism of 
right £-comodules / : (A/, p M ) — » (Af', p M ) is a right A- linear map / : M — > M' which is compatible with coactions: 
fog M = (f ®a£)° Q M (/ is right £-colinear). The K-module of all colinear maps will be denoted by Home (a/, A/') . 
We denote by ^ £ the category of all right £-comodules. Left £-comodules are symmetrically defined, we use the 
Greek letter A - to denote theirs coactions. The category of (right) £-comodules is not in general an abelian category, 
its has cokernels and arbitrary direct sums which can be already computed in the category of A-modules. However, 
if a<£ is a flat module, then becomes a Grothendieck category (see [TH Let J) be a i?-coring, a (£, D)- 
bicomodule is a three-tuple (M,p , A ) consisting of an (A, _B)-bimodule (AT G a-^b) and A — _B-bilinear maps 
p M : M -> A/ ® B S and A A/ : M -> £ ® A M such that (A/, p M ) is right D-comodule and (Af, A M ) is left £-comodule 
with compatibility condition (£ <S>a p M ) ° A M = (A M <E)b 25) P M - A morphism of bicomodules is a left and right 
colinear map (or bicolinear map); we use the notation Honi£_j) (m, M'^j for the K-module of all bicolinear maps. 
The category of all (£, £>)-bicomodule is denoted by Obviously any ring A can be endowed with a trivial 

structure of an A-coring with comultiplication the isomorphism A = A <E>a A and counit the identity A. In this way 
an (A, S))-bicomodule is just a right £>-comodule (M,p M ) whose underlying module M is an A — S-bimodule and 
whose coaction p M is an A — B-bilinear map. The category of (A, £))-bicomodules is denoted by a-^C 3 ■ For more 
details on comodules, definitions and basic properties of bicomodules and the cotensor product, the reader is referred 
to monograph [6]. 



1. ElLENBERG-MOORE MONOIDAL CATEGORY ASSOCIATED TO A CORING. 

In all this section the symbole — ® — stands by — ®a — the tensor product bi-funtor over a ring A. For a fixed 
coring (£ : A) with comultiplication A and counit e. Consider, as in [3] (see [T3] for general notions), the pre-additivc 
category M(£-a) defined by the following data: 

• Objects: Are pairs (AT, m) consisting of an A-bimodule Af and A-bilinear map m : £ <g> M — > Af <g> £ such that 

(1.1) (M«A)om = (m <g> £) o (£ <g> m) o (A <g> Af) 

(1.2) (M8e)om = e®M, 

where in the second equality M was identified with A® M and with M ® A via the obvious isomorphism. 

• Morphisms: Given any object (Af, m) one can easily check that £ (g> M is a £-bicomodule with left £-coaction 
A e ® M = A <g) M and right £-coaction g ClglM = (£ m) o (A <g> M). By [4, Proposition 2.2], the K-module of 
homomorphisms in Mu? ■ a) are then defined (in unreduced form) by 

Hom^ (€:A) ((M,m), (Af',m')) := Hom c _ £ (c ® M, £ ® Af) . 
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That is a morphism tp : (AI, m) — > (M', m') in . ^) is an A-bilinear map </? : £ ® M — > £ ® M' which satishes 

(1.3) (A®M')op = (£ ® <p) o (A ® M) 

(1.4) (£ (8i m') o (A (g> M') o cp = Up ® £) o (£<g> m) o (A <g> M). 

Remark 1.1. Let (£ : A) be any coring and M an A-bimodule. Then one can easily check that the following statements 
are equivalent. 

(i) £®i¥isa £-bicomodule with left £-coaction A £ ® M = A <g> M; 

(ii) there is an A-bilinear map m : £ ® M — » M (g) £ such that (M, m) is an object of the category 01 . a) . 

The category S^i^-.a) is in fact a multiplicative additive category (i.e. an additive Monoidal category). Its multi- 
plication is defined as follows. 

Proposition 1.2. For any coring (£ : A), the category &(<t:A) * s a rnonoidal category with multiplication defined as 
follows. 

Given two object (M,m) and (Af',m') of &(£:A)> we define a new object of&t£.A) 

(M,m) <g> (M',m') := ( M <g> M', (M <g> m') o (m <g> M'j) 

If ip : (M, m) — * (Af',m') and ip : (N,n) — * (N',n') are morphisms in 8%(<t-A)i then their multiplication is defined by 
the composition 

<p ® V 

£ <g> M ® N - L - A - M' ®N' 



A® M(gi AT 



€® €® M ® N £ ® M ' <g) £ <8> iV' 

£ <g> £ <8> M ' (g> iV *- £ ® M' ® £® N 

Equivalently ip ® V = (£ ® -M 7 ® e ® AH ° (<£ ® V 1 ) (£ ® TR ® AH o (A <g> M <g> AT). TTie identity object for this 

(€:A) 

multiplication is proportioned by the pair (A, £) where £ was identified with £ <£> A = A ® £. 

Proof. It is clearly seen that (M, m) ® (M',m') belongs to ■S^V-aIj whenever (M, m) and (M',m') are objects of 

(<£:A) 

^CC-yD- By definition 09 (8 V' is an A-bilinear map. So we need to check its compatibility with left and right 

(€:A) 

£-coactions of both £-bicomodules £ ® M <g> TV and £ ® M' <8 AT'. We know that q£®m'®n' _ ^ g, M / g, n ^ ^ ^ 
m' ® N') o (A ® AT ® A 7 ''). Applying equation (fT~T|) to m' and (fO)) to both ip and ^i, we get 

g z® M '® N> oUp ® ^) = (£ ® M ' ® n') o (£ ® M' ® V) (£ ® m' ® A 7 ") (£ ® V ® AO (A <8> M <g> AT) 

(«£:A) 

Analogously, we obtain 

I Up ® ip)®<t) og € ® M ® N = (£ ® Af ' <g> n') o (£ ® A/' ® ?A)o(£®m'® AHo(£® 9?® AO o (A <g> M <g> AT) 

Therefore, e ^® M '® N ' o (<p ® ip) = {Up ® ip) ® £) ° gC®^®^. That is (95 ig) V) is right £-colinear. This map 
is clearly left £-colinear. □ 

Example 1.3. Let (£ : A) be any coring. Define the map 

c : £ ® A £ *■ £ ®A £ (c ® c' 1 — ► c (1 ) ® C( 2) £(c') + e(c)c' (1) ® c' (2) - c <g> c'^ . 
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Then (<£, c) is an object of M<£ By definition c is an A-bilinear map. ft is clear that (C <8 e) o c = e (8 £. Now, we 
have 

(c <8 £) o (<£ (gi c) o (A ® £)(c <8 c') = (c <8> £) o (£ <g> c)(c (1) <g c (2) ® c') 

= c ® £ (c (1) <8 f C( 2 ) <8 C( 3) e(c') + e(c (2 ))c' (1) <8 c' (2) - c (2) <8 c')) 

= C <8 £ fc(!) <8 C(2) ® C( 3 )£(c') + C ® c'^-j ® C( 2 ) ~ C(i) ® C( 2 ) <8 c'^ 
= C(i) (8) C( 2 )£(C(3)) ® C( 4) £(c') + e(c ( i))c( 2 ) <8> C( 3) (g) C(4)£(c') - C(i) (8 C( 2 ) <8 C( 3) e(c / ) + C(i) <8 C( 2 )£(c' (1) ) (8 c' (2) 
+ £(c)C( X j <8 C( 2 ) ® c'( 3 ) - C ® C( X ) (8 C( 2 ) - C(x) ® C( 2 )£(c( 3 )) ® c' — e(C(!))C( 2 ) <8 C( 3 ) ® c' + C(i) (8 C( 2 ) ® c 

= C(i) (8 C( 2 ) <g> c (3) £(c') + C(!) (8 c (2 ) ® c (3) £(c') - c (1) (gi C( 2 ) ® C( 3 )e(c') + c (1 ) (8 C( 2 ) ® c' + £(c)c' (1) <8 c' (2) (8 c' (3) 
- c (8 C/ X j (8 c'( 2 n - C(!) (8 C( 2 ) (8 c'- C( X ) (8 C( 2 ) <8 c' + C( X ) (8 C( 2 ) (8 c' 

= C(i) (8 C( 2 ) ® C( 3 )£(c') + e(c)c/-n (8 c> 2 j (8 C/ 3 n - c (8 c'^x (8 C/ 2 j = (£ (8 A) o c(c (8 c'), 

for every pair (c, c') G £ x £. Therefore (£, c) satisfies equalities (|f .f I) and (If .2|l . and so (£, c) is an object of &(<t-.A) 
(this is dual to [TBI proposition f .7]). 

Given (2) : A) another coring and suppose that there is an A-coring morphism (f> : 2) — ► £. Define the map 

>■ 2) ®a £ (c<8 d 1 — > e(c)d (1) ® 0(d (2 ))J • 

ft is clear that 5 is an A-bilinear, and that (2)(8£)°5 = £®2). Furthermore, for every pair of elements (c, d) G CxD, 
we have 

(0 (8 £) o (£(8 0) o (A ® 2))(c<8 d) = (t> (8 £) o (£ ® 5)(c (1 ) (8 c (2 ) <8 d) 

= ® £ (c (1) (8 £(c (2) )d (1) ® 0(d (2) )) 
= e(c)d ( i) <8 </>(d (2) ) <8 0(d (2) ) 
= (2) ® A) o D(c<8 d). 

That is (2),fl) satisfies equalities (jf .f [) and (jf .2p , and hence (2),0) is an object of <5?(£ : a)- This in fact comes from a 
general setting. Namely, if we have any (A' , ^4)-corings morphism (</>, ip) : (£' : A 1 ) — -> (£ : A) in the sense of [TUj. That 
is y> : A' — ► A is a rings morphism and :£'—>£ is by scalar restriction an A'-bilinear map satisfying £<£ o = tpo e&t 
and Ajo^i = u>a',a {4>®A' 4>) Af, where cua', a is the obvious map. Then one can prove that (A ®a' £' <8a' -4, tn) is 
an object of M(£-.a), where the map m : £(8a' £ /( 8a' -A — ► A®a* £'<8a' £ sends c®a'C-' ®A>a ► s(c) 18 A'Cqn (8A'0(c? 2 s)a, 
for every element a G A, c G £ and c' G £'. 

Recall from [5] that an entwining structure over K is a three-tuple (A, C) a consisting of K-algebra A with multipli- 
cation [i and unit 1, K-coalgebra C with comultiplication A and counit £, and a K-module map a : C ®kA —* A(8kC 
satisfying 

(1.5) no(C«i/() = (^® K C*)o(yl® K a)o(a«)KA), 

(1.6) oo(C%l) = 1® K C; 

(1.7) (A <8k A) o a = (a® K C)o(C® K a)o(A® K A), 

(1.8) (yl® K £)oa = £® K A 

By [HI Proposition 2.2] the corresponding ^4-coring is the A-bimodule £ = A (8k C with obvious left A-action and 
its right A-action is given by (a' (8k c).a = a'a(c (8k a), for every a, a' £ A, c G C. The comultiplication map is 
A,r = A (8k A and its counit is ££ = A (8k £• For instance, assume a K-bialgebra H is given together with a right 
7i-comodule algebra A and right H-module coalgebra. That is the right coaction p A : A — > A (8k H is a K-algebras 
morphism, while the right action . : C (8k 7i — > C is a K-coalgebra morphism. ft is clearly seen that the map 
a : C ®k A — > A (8k C sending c®oh ani (8 (c . a( 2 )) (summation is understood), for every c G C and a G A, satisfies 
all equalities (|1.5|) - (|1.8p . Thus (A, C)„ is an entwining structure over K. 
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Given any entwining structure (A,C) a over K, one can immediately check that (A, a) is an object of S&ic-.K)- 
Furthermore, we have 



(£:A), 



Lemma 1.4. Let {A 1 C) a be an entwining structure over K. There is a functor A (g — (g> A 
defined over objects by (N, n) — > <gK Ok A (^4 ®k AT ®k a) o (A (gjj n <g]K -*4)^ (wp to canonical isomorphisms), 
and over morphisms by f — > A (gK / ®K ^4 



Proof. Straightforward. 



□ 



Remark 1.5. Reversing the twist maps, one can construct, for any coring (£ : A), another monoidal category denoted 
byJzf(£ :j 4). The objects of J£{<£-a) are pairs (l,L) consisting of an A-bimodule L and A-bilinear map [ : L®a€ — » £(g^L 
compatible with the comultiplication and the counit, i.e. satisfies the equalities 



(1.9) 
(1.10) 



(e (g> L) o [ = L <g> £ 
(A®L)o[ = (£<g>t)o([<g>£)o(L<g>A). 



Notice, that here the £-bicomodule structure over L <g £ is given by g 1 "® 2 - = L (g A and A L<8e: = (I ® £) o (L (g A). 
The K-modules of morphisms in this category are defined by 



Hom ^:A) (( [ > £ ). (?>£')) ~ Hom £ _ £ (i ® £, L' <g £ 



The multiplications of this monoidal category are defined as follows: Given 7 : (I, L) — > ([', L') and c : (J, if) — ► (6', X') 
two morphisms in the vertical multiplication is defined by 



([,£) <g (t,K) = ((l®K)o(L®t),L®k) 

(<t:A) V / 

and the vertical multiplication is defined by 

(1.11) 7 <g> (7 = (£' (8) £<g AT' <g £) o (7 O if' O £) o (L ® 6' <g> £) o (L ® cr ® £) o (L ® if <g) A). 

(£:A) 



2. Equivalent definitions of cowreath in Bim. 

In this section we give in terms of the tensor product over the base ring A, an equivalent definition of cowreath 
over a given coring (£ : A). If our coring arises from entwining structures [5], we then prove a procedure to construct 
a new cowreath from a given cowreath over the factor coalgebra. 

Definition 2.1. Let (£ : A) be a coring. A cowreath over (£ : A) (or €-cowreath) is coalgebra in the monoidal 
additive category £%(<i-a) defined in Section [T] A wreath over £ (or £-wreath) is an algebra in &(<£ : a)- Notice, that 
here in fact we are defining a right wreath and right cowreath. The left notions are defined in the monoidal category 
££{<L: A) of Remark 11.51 

Proposition 2.2. Let (£ : A) be a coring, and (M, m) an object of fM/ti-.A)- The following statements are equivalent 
(i) (M, m) is a (L-cowreath. 

(ii) There is a £-bicolinear maps £ : £ (3 a M — ► £ and 5 : £ ®a M — ► £ (g^t M ®a M rendering commutative the 
following diagrams 



£<g M 



£ <g M <g M £ <g> M • 




£(gM<gM 



M (g) £■ 



■ M (g £ (g M 
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£<g Af ■ 



£(g)Af <g Af ■ 



mg)M 



£<g M <8> M ■ 



5®M 



£ (g Af <g> M <g M 



Af ® £(g M ■ 



M®<5 



m®M®M 



M <g £ <g Af (g M 



Proof. Given a coalgebra (Af , m) in :j4 ) is equivalent to given two morphisms £ : (Af , m) — > (A, £) and 8 : (Af , m) — > 

(Af , m) ® (M, m) in ^(g. ^ satisfying the usual coassociativity and counitary properties. That is, up to natural 

(ex A) 

isomorphisms, the following equalities are verified 



(Af, m) ® no{ = (M, m) = U ® (Af, m) o 8 

(CxA) J \ (<CxA) 



(Af, m) (gi J ) o 5 

(<£:A) 



5 <g (M, m) o 8. 

(£ : A) 



Of course £ : £ (g Af — > £ and (5 : £ ® M — » £ <g Af (g Af are two £-bicolinear maps. Using the definition of the 

multiplication — eg — given in Proposition 11.21 the previous equalities are equivalent to the following ones: the 
(tx A) 

counitary properties are 



(2.1) 
(2.2) 



(£<g M (g e) o (£<g M (g o (£<g m® Af) o (A (g M <g Af) o 5 = £<gAf 
(£ (g e (g M) o (£ (g £ (g M) o (A <g Af (g M) o 8 = C®M 



and the coassociativity is 



(2.3) (£ (g M (g Af (g e <g> M) o (£ (g Af (g m (g M) o (£ (g m (g M (g M) o (£ (g 5 (g M) o (A ® M (g Af ) o 8 

= (£ (g Af (g e (g Af (g Af) o (£ (g Af (g (5) o (£ ® m (g Af ) o (A (g Af (g Af) o 8 

In conclusion (Af , m) is a coalgebras in a) if and only if there exist £ and <5 satisfying equalities (|2.1j) - (12.3[) . 
(i) => (ii). By equation (|2.2|) . we have 

£(8>M = (£ (g £ (g Af ) o (£ (g £ (g Af ) o (A (g Af (g Af ) o 8 
= (£ (g £ (g Af) o ( f (£ (g £) o (A (g Af)) (g Af") o (5 

^ (£ <g> £ (g Af ) o ( (A o ® Af ) o <5 
= (£ (g £ (g Af ) o (A <g Af ) o (£ (g M) o <5 
= (f (g Af ) o 8, 

which gives the commutativity of the first diagram in (ii). Multiplied on the left by m, equation ()2.1|) becomes 

m = (m (g A) o (£ (g Af (g £) o (£ <g Af (g £) o (£ (g m (g Af) o (A (g Af <g Af ) o 8 

= (Af (g £ (g e) o (m <g £) o (£ (g Af (g £) o (£ ® m <g Af ) o (A <g Af (g Af ) o 8 

= (Af (g £ (g e) o (Af (g £ <g £) o (m <g £ (g Af ) o (£ <g m O Af ) o (A (g Af (g Af) o <5 

= (M <g £ (g e) o (Af <g £ <g £) o ( ((m <g £) o (£ <g m) o (A (g Af)) (g Af ) o 5 

(Af (g £ (g e) o (Af (g £ ® £) o (Af (g A (g Af ) o (m (g Af ) o 5 
(Af (g £(g e) o (Af (g ((£® £) o (A (g Af))) o (m(g Af) 08 



CD 



ED 



= (Af (g £ <g> e) o (Af (g A) o (Af <g> f ) o (m ® Af) o (5 
(Af <g £) o (m ® Af ) o 8. 
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Whence the commutativity of the second diagram of item (ii). Composing equation (|2.3j) with (m g Af g M), we 
obtain from the left hand term 

(m0M®M)o(£igM8M®E®M)o(£®Mi8m®M)o(£®in8M®M)o(£(giiS®M)o(A®M®M)o(S 
= (m<g Af <g M) o (£<g M(g) Af g>£<g M) o (£<g Af g) m® M) o (£ g m<g M M) o ( ((£ ® <5) o (A ® Af)) ® Af) o<5 

= (M®£<gM<g£(gM)o(m®M<g£<gM)o(£igM<gm<gM)o(£®m®M® 
= (M®£<g)M(g>£®M)o(M®£®m<g>M)o(m<g>£®M® 

= (M (8) £ <g Af (8) e g> Af) o (Af ® £ ® m <g M) o f f(m <g £) o (£ <g m) o (A g> Af )) g M g Af) o (5 g> Af) o <5 



= (Af g £ g> M <g £ <g M) o (M <g £ <g m g M) o (Af g> A g M ig M) o (m g> M ® M) o (8 ® M) o S 
= (m <g £ (8> ((Af (g> e) o m) (8) Af ) o (M ® A ® Af g> Af ) o (m <g> M <g Af ) o (8 <g Af ) o 8 

= (Af ® £ g> e g A/ ® Af) o (Af <g> A O Af g> Af ) o (m g> Af g Af) o (J (g A/) o <5 

= (m g Af ® Af) o (5 <g Af) o <5. 

From the right hand term, we get 

(m®Af®Af)o(£(g)Af®£(g)Af(8)Af)o(£(g)Af(g)5)o(£(g)m(g)Af)o(A®Af(8)Af)o5 

= (Af g £ <g> e g> Af g> Af) o (m g £ ® Af (gi A/) o (£ ® Af g 5) o (£ g m ig Af) o (A g Af (gi Af) o <5 
= (Af g £ g) £ (g) Af (gi Af ) o (Af g £ (g) <5) o (m <g £ g> Af ) o (£ g m <g> Af ) o (A (g Af g Af) o (5 
= (Af <g> £ g £ g Af g) Af ) o (Af <g> £ g 8) o f C(tn (g £) o (£ <g> m) o (A ® Af )) <g Af ) o 8 



= (Af g) £ g) £ g) Af (g Af ) o (Af g) £ g) 5) o (Af (g A g) Af ) o (m <g Af ) o (5 
= (Af <g £ <g £ g) Af <g Af ) o (m g) ((£ ® 5) o (A g> Af)) J o (m <g Af) o 8 

= (Af g £ ig £ ig Af g Af ) o (Af g A <g Af g Af ) o (Af g 5) o (m g Af ) o 5 

= (Af g (5) o (m g Af) o 8. 

Therefore, (m <g Af gD Af ) o (<5 <g Af ) o 5 = (Af (g 5) o (m <g Af ) o J, which gives the commutativity of the last diagram 
of item (ii). 

(ii) =>■ (i). We need to show that £ and 8 satisfy equations (|2.1|) . (|2.2|) and (|2.3p . By hypothesis £ and 8 are £-colinear 
maps satisfying 

(2.4) (£ (g Af) o <5 = £ g) Af 

(2.5) (Af <g £) o (m <g Af) o <5 = m 

(2.6) (Af g> 5) o (m (g Af ) o 8 = (m g Af <g Af ) o (5 g Af) o 8. 
We then compute 

(£ <g Af g e) o (£ (g Af (g £) o (£ <g m g) Af ) o (A g Af <g Af ) o <5 



(£ g) Af (g e) o (£ g Af g £) o (£ <g m <g Af ) o (£ <g 8) o (A g) Af) 
= (£<g Af <g e) o (£<g ((Af g £) o (mg) Af) osjj o (A (g Af ) 



^ (£ g) Af (g e) o (£ ig tn) o (A g Af ) ^ (£ g e g Af) o (A g) Af ) = £ g Af, 
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which gives equality (|2.ip . The equality (|2.2j) is obtained as follows: 

(<£® £® M) o (£® £ O M) o (A (g M (gi M) o 5 = (C ® e ® M) o (£ ® £ ® M) o (£ ® <5) o (A ® M) 

= {£ ® £ ® M) o ® (g. M) o 5^ o (A <g> M) 

(£ (g £ ® M) o (A ® M) = £ ® M 
Lastly, the coassociativity that is equality (12.31) is derived from the following computation: 

(£ ® M ® M (g e (g M) o (<£ (g M (g m g M) o (£ ® m g M ® M) o (£ (g (5 g M ) o (A ® M ® M) o 5 

?(C8M®M«E®M)o(£®M®m®M)o(rtni®M8M)o(C®i«M)o(£«J)o(A®M) 
= (£®M®M®£®M)o(£®M®m®M)oM£® ((m (g> M (g M) o (5 ® M) o <nj o (A ® M) 

?(£®M«M«£«I)o(£®M«i®M)o(£®M®{)o(£®i®M)o(C«j)o(A®M) 
= ((£ ® M g) M ® £ g) M) o (£ g M g) m g M) o (£ ® M ® (5) o (<£ g m <g M ) o (A ® M g M) o <5 
= ^£«M8 ((M ® e) o m) ® Af) o (<£ ® M <g 5) o (£ ® m <g M) o (A <g M ® M) o 5 

= (€ (g M g £ g M g M) o (C ® M g S) o (£ ® m ® M) o (A g M ® M) o <5. 

□ 

Example 2.3. Of course any A-coring £ can be seen as a cowreath over the trivial coring (A : A). 
Let C and D two K-coalgebras. It is clear that (D,r) belongs to Sl{C\X\i where r : C ®k D — > I? ®k C is the 
usual flip. Consider the maps £ = C g £_d : C Ok D —> C and J = C g Ad : C ®k D — > C ®k -D ®k £>■ One can 
easily prove that those maps define in fact a morphisms in the category Stm-.Ks'i that is £ : [D, r) — ► (K, C) and 
<5 : (-D, t) — > (.D, t) ® (D,t). Moreover, £ and <5 respect the commutativity of the diagrams stated in Proposition 

(C:K) 



W2\ii) with (<£ : A) = (C : K). Whence, (D,t) is a C-cowreath. 

Example 2.4. Let (£ : A) and (33 : A) two corings. Assume that there is an A-bilfnear map 5 : €. ®a 23 ^ 23 CSU £ 
satisfying 

(2.7) (2)®£ £ )o0 = £ e ®23 

(2.8) (2)®A £ )o5 = (0 g £) o (£ <g 23) o (A £ ® 2)) 

(2.9) (£ S (g£)o0 = CigEx, 

(2.10) (A s ®£)o23 = (2) g 23) o (5 ® 23) o (£® A s ). 

Equations (|2.7|) and (|2.8p say that (23,1)) is an object of the category fflftr-.A)- While equations (|2.9[) and (|2.9[) say 
that (0, €) is an object of the category ^xi-.A) of Remark 11.51 One can check that (23,0) is a right £-cowreath with 
structure maps C® £j) and £® Aj>, and similarly (0, £.) is a left 23-cowreath with structure maps £c® 23 and A^® 23. 

The following proposition gives, using an entwining structures, a method to construct a cowreath from the com- 
mutative case to the non commutative one. This proposition can be deduced from Lemma ll.4l if we success to show 
that the functor occurring there is monoidal. We prefer here to include a direct proof without recalling more general 
theory. 

Proposition 2.5. Let (A, C)„ be an entwining structure over IK with o : C ®k A —> A ®k C Consider its associated 
coring (A ®k C : A). If (N, n) is a C-cowreath, then (A ®k N (A ®k iV®K a) o (A ® K n ®k A)) is an (A ®k C)- 

cowreath. 



Proof. During this proof the tensor product — ®k — will be denoted by — ® — . Set £ := A ® C, M := A ® N ® A, and 
m := (A ® TV ® a) o (A ® n ® A). By Lemma [Ol the pair (M, m) belongs to M^, A ) . Let us denote by £ : C ® -> C 
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and S:C®N^C®N®N the structure of the C-cowreath (N, n) . Define the following A-bilinear maps 
(:C® A M A ® C ® A A ® A ® C ^ A ® C = € 

~ A®5®A , _ . A®C®N®\®N®A ^ 

5:<L® A M *~ A®C®N®N®A ^ £ ® A M ® A M , 

where we have used the isomorphisms €® A M = A® C ® N ® A and £ ® A M ® A M = A ® C ® N ® A ® N ® A. 
We claim that (M, m) is a <£-cowreath with structure maps £ and S. First, we need to show that those maps are 
C-bicolinear. Starting with £, we know that 

(£ ®a ° (A c ® A M) = ( (A ® C) <8u (/x ® C)J o f (A ® C) ®a ® a)) o ({A ®C)® A (A®t® A)) 

o ((A ® A) ® A (A ® N ® An . 

Since the the right A-action on A ® C is given by the twist map a, the term (A ® C) ® A (fi ® C) is identified with 
(fi ® C ® C) o (A ® a ® C), which implies that 

(£ ®a f) o (A c <8> A M) = (n ® C C) o (A ® a ® C) o (A ® C ® a) o (A ® C ® £ ® A) o (A ® A ® N ® A) 

= (fi ® C ® C) o (A ® a ® C) o [A ® C ® a ) o (a <g> ({C ® f) o (A ® iV)) ® A) 

^ (m <8> C <g> C) o (A ® a ® C) o (A ® C ® a) o (A ® A ® A) o (A ® £ ® A) 
= {fi® C®C)o (a® (( a ® C) o ((7 <8> a) o (A <8> A) yj o (A® £ ® A) 

^ (^ ® C ® C) o (A ® A ® A) o (A ® a) o (A ® £ ® A) 
= (A ® A) o (fi ® C) o (A ® a) o (A ® £ ® A) = A £ o f 
This proves that £ is left C-colinear. Its right C-colinearity is obtained as follows: We know that 

(£ ®a £) ° (£ ®a m) o (Ac ® A M) = ({fj, ® C) ® A (A ® C)j o ((A ® a) ® A (A ® C)) o(^(A®£® A) ® A (A ® C)j 
o ((A ® C) ® A (A® N ® a)) o ((A ®C)® A (A®n® A)) o ^(A ® A) ® A (A ® N ® Aj . 
So using the obvious isomorphisms, we compute 
(^® A €) o (€® A m) o (A € ® A M) = ([i®C®C)o(A®a®C)o(A®£®A®C)o(A®C®N®a) 

o (A®C®n®A)o(A®A®N®A) 
= (fi ® C ® C) o (A ® a ® C) o (A ® C ® a) o (A ® £ ® C ® A) 
o (A®C®n®A)o(A®A®N®A) 

(fi ® C ® C) o (A ® a ® C) o (A ® C ® a) o (A ® A ® A) o (A ® £_ ® A) 
(fi®C®C)o(^A® ((a ® C) o (C ® a) o (A ® A)jJ o (A® £® A) 

(fi ® C ® C) o (A ® A ® A) o (A ® a) o (A ® £ ® A) 
= (A ® A) o (fi ® C) o (A ® a) o (A ® £ ® A) = A c o f. 
Concerning the colinearity of <5, we have 

(£® A 5)o(A e ® A M) = ((A ® C) ® A (A ® N ® 1 ® N ® A)j o ((A ® C) ® A (A ® 6 ® A)j 

o ((A ® A) ® A (A® N ® A)j 
= (A®C®C®N®l®N®A)o(A®C®S®A)o(A®A®N®A) 



Eg 



A 



(A®C®C®7V®l®iV®A)o(A® (^(C ® <5) o (A ® N) 

(A®C®C®N®l®N®A)o(A®A®N®N®A)o(A®S®A) 
(A®A®N®A®N®A)o(A®C®N®l®N®A)o(A®5®A) 
(Ac ® A M ® A M) o S, 
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which implies that S is left £-colinear. 6 is right £-colinear by the following computations: First we know that 

(S ® A £) o (£ ® A m) o (A £ ® A M) = {{A <g> C ® iV <g> 1 TV ® A) <gu (A ® C)J o f (A <g> 5 <8> A) (gu (A ® C)) 

o {{A <®C)® A [A®N ® a)) o f(4 ® C) ®a (-4 ® n ® A)) o ((A <g> A) g^ (A ® iV <g> A) J . 
Using as before the obvious isomorphisms, we compute 

(5 <8u £) o (£ ® A ra) o (A £ ® A M) = {A® C ® N ® 1 ® N ® A® C) o {A® 5 ® A® C) o {A® C ® N ® a) 

o (A®C®n®A)o(A®A®N®A) 
= (A®C®N®l®N®A®C)o(A®C®N®N®a)o(A®5®C®A)o(A®C®n®A)o(A®A®N®A) 
= (A ® C ® N ® 1 ® N ® A ® C) o (A® C ® N ® N ® a ) o (a g ((5 g C) o (C ® n) o (A ® TV)) ® A) 

^ (A® C ® N ® 1® N ® A® C) o (A® C ® N ® N ® a) o (A® C ® N ® n® A) o (A® C ® n® N ® A) 

o(A®A®N®N®A)o(A®S®A) 
= (A®C®N®A®N®a)o(A®C®N®l®N®C®A)o(A®C®N®n®A)o(A®C®n®N®A) 

o(A®A®N®N®A)o(A®S®A) 
= (A®C®N®A®N®a)o(A®C®N®A®n®A)o(A®C®N®l®C®N®A)o(A®C®n®N®A) 

o (A ® A ® N ® N ® A) o ( A ® S ® A) , 

by equation (|1.6p . we then get 

(5 ® A £) o (C gu m) o (A e ®a M) = (£ ®a M <g> A m) o(€® A m ® A M) o (A £ (g> A M ® A M) o 5. 

To finish the proof we need to check that £ and 6 satisfy the commutativity of the sated diagrams in Proposition 
I2.2f ii). By assumptions, we know that £ and S satisfy the same property with base coring the coalgebra (C : IK). So, 
we have 

(£ ® A M) o 8 = ( ( (/x ® C) o (A ® a) o (A ® £ ® A)) ® A (A ® N ® A)j o (A ® C ® N ® 1 ® N ® A) o (A ® 6 ® A) 
= (Lt,®C®N®A)o(A®a®N®A)o(A®£®A®N®A)o(A®C®N®l®N®A)o(A®6®A) 
= (fi®C®N®A)o(A®a®N®A)o(A®C®l®N®A)o(A®£®N®A)o(A®5®A) 

^ (fj,® C ® N ® A) o (A® 1® C ® N ® A) = A® C ® N ® A = €® A M, 

and 

(M (gu ° ( m ®a M) oS = ^(A (g JV (g A) €5,4 ((/U ® C) o (A ® a) o (A ® t; ® A)) ) 

o ( ((A ® iV g o) o (A <g> n ® A)) ®x (A ® N g> A)) o(A®C®V®l®iV®4)o( J 4 8i ( 5®A) 
= (A<g./V(gju<gC)o(A(gJVg>A<g a) o (A ® N ® A ® £ ® A) o (A ® N ® a ® N ® A) o (A ® n ® A ® N ® A) 

o(A®C®N®l®N®A)o(A®5®A) 
= (A®N®ii®C)o(A®N®A®a)o(A®N®A®£®A)o(A®N®a®N®A)o(A®N®C®l®N®A) 

o (A® n® N ® A) o (A® S ® A) 
^ (A^JVS/Kgi^o^giVgAgoJofAgiV^A^^^ofAiXiiV^l^C^iVSAJo^® ((n <g iV) o <j) (g> A 
= (A® N ® [i® C) o (A® N ® A® a) o (A® N ® 1® C ® A) o (A® N ® £® A) o (^A® (in® N)oS) ® A 

= (A®N®^®C)o(A®N®A®a)o(A®N®l®C®A)o(^A® ((N ® f ) o (n <8> iV) o <SJ ® 
= (A®N®n®C)o(A®N®l®A®C)o(A®N®a)o(A®n®A) 

= (A ® N ® a) o (A ® n ® A) = m, 



,4 



COWREATH OVER CORINGS. 11 

These give the commutativity of the two first diagrams in Proposition (|2.2[l (ii) . The commutativity of the third one 
is derived from the following computations: From one hand, we have 

(m ® A M ® A M) o (S® A M) 08 = {A® N ® a® N ® A® N ® A) o (A®n® A® N ® A® N ® A) 

o(A®C®N®l®N®A®N®A)o(A®S®A®N®A)o(A®C®N®l®N®A)o(A®5®A) 
= (A® N ® a® N ® A® N ® A) o (A® N ® C ® 1 ® N ® A® N ® A) o (A® n® N ® A® N ® A) o (A® 5 ® A® N ® A) 

o(A®C®N®l®N®A)o(A®5®A) 
^ (A®N®l®C®N®A®N®A)o(A®n®N®A®N®A)o(A®5®A®N®A)o(A®C®N®l®N®A)o(A®S®A) 
= (A®N®l®C®N®A®N®A)o(A®n®N®A®N®A)o(A®C®N®N®l®N®A)o(A®5®N®A)o(A®S®A) 
= (A®N®l®C®N®A®N®A)o(A®N®C®N®l®N®A)o(A®n®N®N®A)o(A®6®N®A)o(A®6®A) 
= (A®N®l®C®N®A®N®A)o(A®N®C®N®l®N®A)o(^A® ((n ® N ® N) o (6 ® N) o d^j ® A) 
= (A® N® 1® C® N® A®N® A)o(A®N®C® N® 1®N® A)o(A® N®S® A)o(A®n® N® A)o(A®5® A), 
and from an other hand, we obtain 

(M®AS)o(m®AM)o5 = (A®N®C®N®l®N®A)o(A®N®A®S®A)o(A®N®a®N®A)o(A®n®A®N®A) 

o(A®C®N®l®N®A)o(A®5®A) 
= (A®N®C®N®l®N®A)o(A®N®A®5®A)o(A®N®a®N®A)o(A®N®C®l®N®A) 

o (A® n® N ® A) o (A® S ® A) 
^ (A® N ® C ® N ® 1 ® N ® A) o (A® N ® A® 5 ® A) o (A® N ® 1 ® C ® N ® A) o (A® n® N ® A) o (A® 6 ® A) 
= (A® N ® C ® N ® 1 ® N ® A) o (A® N ® 1 ® C ® N ® N ® A) o (A® N ® 5 ® A) o (A® n® N ® A) o (A® 6 ® A) 
= (A® N ® 1 ® C ® N ® A® N ® A) o (A® N ® C ® N ® 1® N ® A) o (A® N ® 5 ® A) o (A® n® N ® A) o (A® S ® A) 

Therefore, (M ® A 5) o (m ®a M) o 5 = (m ® A M ® A M) o (5 ® A M)oS. □ 

Remark 2.6. Entwining structures give an example of a wreath over coalgebras. Explicitly, given any entwining 
structure (A, C) a over K with a : C ®k A — > A ®^ C. As we have already observe (A, a) is an object of the monoidal 
category &(c-. k) • Taking ij — C ®k 1 : C — > C ®k A and [i = C ®k A* : C <8>k A ®k A — > C ®k A. One can easily checks 
that r] and fi are in fact a C-bicolinear morphisms, that is r\ : (K, C) — > (A, a) and fi : (A, o) ® (A, o) — » (A, a) are 

(C:K) 

morphisms in ^(c : k)- Furthermore, rj and fj, endow (A, a) with a structure of an algebra in the monoidal category 
&{C: K) ■ That is (A, a) is in our terminology a C-wreath. 

3. The category of comodules over cowreath, cowreath products and functors. 

This section presents a simplest and equivalent definitions of the objects and morphisms of the category of (right) 
comodules over a cowreath. The definition of cowreath product and the construction of some functors connecting 
categories are presented as well. For sake of completeness a detailed proofs are included. 

Fix a coring (£ : A) and let us use the symbol —®— to denote the tensor product — ®a — over the base ring A. Let 
(M, m) be a C-cowreath with structure maps £ : £® M — > £ and 5 : £® M — > £® M® M. Since (M, m) is a coalgebra 
in the monoidal category Sfi^-.A)-, it is natural to ask for the category of (right) (M, m)-comodules. Thus, an object 
(A", y) of &(£ . a) is said to be a right (M,m)-comodule if there exists a morphisms g^'^ : (X, y) — > (X, p) ® (M, m) 

(<£:A) 

in &(tr-.A) which satisfies 

(3.1) (V,r) ® Ao^> = (l, P ), (V,y) ® *)o e (*.*> = U X >* ® (M,m)W*.*>. 

Proposition 3.1. Let (M,m) oe a (^-cowreath with structure maps £ : £®aM — > £ and (5 : £®A^f — > CiXi^Mfgi^M. 
("aj Consider (X, p) an object o/M^. a)- The following conditions are equivalent 
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(i) (X, j:) is right [M,m)-comodule; 

(ii) There is a £~bicomodules morphism g( x ^ : £ (x)a X — > £ 0^ X (E)a M such that 



£ X - — ^ £ ® X M — X £ M £«I 



£®X®¥ 



■ x £0 m 

X(g><5 



o <x ' f) (g>M t®M(g)M 

I®£, £0X0 M ^£0X0M0M ^ X £ M M 



are commutative diagrams. 

(b) Given two right (M,m)-comodules (X,y) and (X',r/). A morphism f : (X,p) — > (X',f') in ^te-.A) * s a morphism 
of right (M, m) -comodules if and only if f torns commutative the following diagram 



£0X 



£0 X M ■ 



£®r®¥ 



Proof, (a). The proof of Proposition 12 . 21 can be adapted to the setting of this item. 
(b). The map f is a morphism of right (M , m)-comodule if and only if 



Q ( x >*Kf=(f (M,m) ) o^), 



if and only if 



IU~2l 



(£ X' e M) o (£ p' M) o (£ f M) a (A X M) o g( x '<*") 
(£ e X' M) o (£ f M) o (A X Af) o g^'^') 
(£ e X' M) o ( ((£ f) o (A X)) Af) o g(-*V) 

(£ e X' M) o (A X' Af) o (f M) o ^ x '' r ') 

(f M) o g( X ' 



□ 



Clearly (M,m) is right (M, m)-comodule with coaction p( M ' m ) = 5, and (M M, (M m) o (m M)) is right 
(M, m)-comodule with coaction 



M(g)M,(Mig)m)o(m®M) 

/ = (£0 e M M) o (£0 M <5) o (£0 m0 M) o (A M M). 
The expressions of objects and morphisms in the category of left (M, m)-comodules are given by the following 

Proposition 3.2. Let (M,m) be a t-cowreath with structure maps £ : £0aA/ — > £ and 5 : £0,4M — » £0 J 4ilf0,4M. 

(a^ Consider (X, y) an object of The following conditions are eguivalent 

(i) (X, p) is Ze/t (M, m) -comodule; 

(ii) There is a £~bicomodules morphism \( X '*> : £ 0^ X — > £ 0^ M 0a X smc/i i/iai 



£0X— ^£0M0X £0X 



• £0 M X 




£®X A (*,r) 

£ X, £ M X 
are commutative diagrams. 



m0\ A 



M0 £0X 



£0 M M X 

m®M(gX 

M £0 M X 



COWREATH OVER CORINGS. 
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(b) Given two left (M,m)-comodules (X,f) and {X',%'). A morphism f : (X,£) — > in &(<t:A) * s a niorphism 

of right (Af, m) -comodules if and only if f turns commutative the following diagram 

' e ' a 



M®X 




M <g> X' 



The cowreath product, as was defined in more general setting in |13j . is given in our case by the following. 

Proposition 3.3. Let (£ : A) be any coring and (Af, m) a <L-cowreath with structure maps £ : £ ®a Af — ► £ and 

<5 : £ ®yi Af — » £ <£>a M (&A Af . Then (£ M : A) is a coring whose comultiplication and counit are defined by 

A' = (£® i ro®AM)o(£® i( i)o(A®AM), e' = £o£. 
Moreover, £ : £ g)^ Af — ► £ is a morphism of A-corings. 

Proof. By definition e' and A' are A-bilinear maps. We need to show the counitary and the coassociativity properties. 
The counitary property is derived from the following two computations 

(£ g) Af g> e') o A' = (£ g) Af g> e) o (£ gi Af g) £) o (£ g> m g) Af ) o (£ gi (5) o (A g) Af ) 
= (£ ® M <g> e) o ( £ ® f(M ®^)o(m«M)oijj o (A g) Af ) 

(£ g) Af g> e) o (£ gi m) o (A g) Af ) 
(£ g) e g) Af ) o (A g) Af ) = £ g) Af , 



and 



(e' g) £ g) Af ) o A' = 



(e g> £ g) Af ) o (£ g) £ gi Af ) o (£ g) m g> Af ) o (£ g) 8) o (A g) Af ) 
(e g> £ g) Af ) o (£ g> £ gi Af ) o (£ g) m g> Af) o (A g) Af g) Af ) o 6 
(e g> £ g) Af ) o f f (£ g) £) o (£ g> m) o (A g> M)J g) Af J o 6 



Af 



(e g) £ g) Af ) o (A g) Af ) o (£ g> Af ) o 5 
The coassociative property is obtained as follows: 

(A' g> £ g) Af ) o A' = (£ g) m g> M g) £ g) M ) o (£ <g> 5 g) £ g) Af ) o ( A g> Af g) £ g> Af ) o (£ g) m g) Af ) o (£ g) 5) o (A g) Af ) 
= (£ g) m g) Af g) £ g) Af ) o (£ gi 5 g) £ g) Af ) o (£ g> £ g> m g) Af ) o (A g) £ g) Af g) Af ) o (£ g) 5) o (A g) Af ) 
= (£ g) m g) Af g) £ g) Af ) o (£ g) J g) £ g) Af ) o (£ ® £ g) m g> Af ) o (£ g) £ g) 5) o (A g) £ g) Af ) o (A g) Af ) 
= (£ g) m g) Af g) £ g) Af ) o (£ g) 8 g) £ g) Af ) o (£ g> £ g) m g) Af ) o (£ g) £ g) 5) o (£ g) A g> Af ) o (A g) Af ) 
^(£g)mg)Afg)£g)Af)o(£g)(5g)£g)Af)o(£g)£g)mg)Af)o(£g)Ag)Afg)Af)o(£g)5)o(Ag)Af) 
= (£ g> tn g5 Af g5 £ g5 Af ) o (£g> ((5g)£)o(£g)m)o(Ag) Af)) g> Af) o (£ g> 5) o (A g> Af ) 

^ (£ g) m g) Af g) £ g) Af ) o (£ g) £ g) Af g) m g) Af ) o (£ g) £ g) m g) Af g) Af ) o (£ g) A g) Af g) Af g) Af ) o (£ g) J g) Af ) 

o (£ g) <5) o (A g) Af ) 

= (£g)Mg)£gimg)Af)o(£g)mg)£g)Afg)Af)o(£g)£g)mg)Afg)Af)o(£g)Ag)Afg)Afg)Af)o(£g)5g)Af) 

o (£ g) <5) o (A g) Af ) 

= (£ g) Af g> £ g) m g> Af ) o ^£ gi ^(m g> £) o (£ g> m) o (A g) Af )) g) Af g> Af ) o (£ g> S g) Af ) o (£ <g> 6) o (A g) Af ) 

(£ g) Af g) £ g) m g) Af ) o (£ g> Af g) A g) Af g) M ) o (£ g> m g) Af g) Af ) o (£ g> J g> Af ) o (£ g) 5) o (A g) Af ) 
(£ g) Af g) £ g) m g) Af ) o (£ g) Af g) A g) Af g) Af ) o g) ((m <g) Af <g> Af) o (5 <g> M) o <^J o (A g> Af), 
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applying consecutively Proposition ^. 2f ii) and equation (|1.3p to the map 8, we get (A'®C®M)oA' = (£igM(gA')oA'. 

By definition £ is an A-bilinear map compatible with both counits e and s'. Let us show that £ is compatible with 
comultiplications. We have 

K®QoA' = ((®5)o(£0tn0M)o(£8if)o(A8i M) 

= (£®()o(^ff®M)o(C8m«M)o(£0i)o(A®M) 
^ (£ <g o (£ ig) £ (g> M) o (£ ® m <g M) o (A ® M <g M) o (5 



*P (£ ® £) ° (A <g M) o (f ® M) o J l2 # i) (£ ® o (A ® M) © A o £. 
This proves that £ is a corings morphism, and finishes the proof. □ 

Lemma 3.4. Let (£ : A) be any coring and (M, m) a £-cowreath with structure maps £ : £ <® A M — * £ and 
8 : £ ®a M — ► £ <g),4 M M. Consider £ (g^ M as an A-coring with structure given by vrovosition VS .'A There is a 
junctor - ® A M : A ^C € -» a-^ c ® aM sending (X, p x ) -> (x ® A M, (X 2) a m® A M)o (X ® A 8) o (p x <g A M)J and 
/ / ®a M. 

Proof. We only prove that — (g M is a well defined functor. Let (X, p x ) be an arbitrary object of the category 
i.e. p x is left A-linear and right C-coaction. Put, g x ® M := (X <g m <g M) o (X ® 8) o (p x ig M), so we have 

(X <g M <g e') o e x ® M (X ® M (8) e) o (X ® M ® £) o (X ® m <g> M) o (X <8> J) o (p x ® M) 

= (X <g M <g> e) o (x (gi f (M <g £) o (m (g M) o £j) o (p x ® M) 

(X (g) M (g e) o (X ® tn) o (p x (g M) 
(X <g £ <g M) o (p* ig M) = £®M, 



which gives the counit property. Now, we have from one hand 

(I®M®A')og WM = (X®M(g£(gm(gM)o(X(gM(g£(g(5)o(X(gM(gA(gM)o(X(gm(gM)o(X(g5)o(p X (gM) 
= (X (g M <g £ <g m (g M) o (X (g M (g A (g M <g M) o (X (g M (g 5) o (X (g m (g M) o (X (g <5) o (p x <g> M) 
= (X (g M <g £ <g m (g M ) o (X (g M (g A (g M <g M) o (x <g> ((M <g 5) o (m <g M) o o (p x ig M) 

(X (g M (g £ (g m <g M) o (X (g M <g A (g M (g M) o (X <g m (g M (g M) o (X <g J <g M) o (X (g 8) o (/j* <g M), 
and from another 

(/ 8M ®£®M)o/ 8M = (I®m®M®£®M)o(A®i®£®M)o(/®M®£®M)o(I®m®M)o(I®i)o(p x ®M) 
= (X (g m (g M (g £ ® M) o (X ig <5 ® £ (g M) o (X <g> £ ® m ® M) o (p x ig £ (g M ® M) o (X (g 5) o (p x (g M) 
= (X (g m ig M (g £ ig M) o (X (g (5 (g £ (g M) o (X (g £ <g m <g M) o (X ig £ ig 8) o (p x ® £ ig M) o (p x ig M) 
= (X (g m ig M (g £ ig M) o (X (g 5 (g £ <g M) o (X <g £ <g> m (g M) o (X ® £ <g 5) o (X <g> A <g A/) o (p* ig M) 
= (X ig m (g M (g £ <g M) o (X ig <5 (g £ <g M) o (X (g £ ig m (g M) o (X <g A (g M ig M) o (X (g (5) o (p x (g M) 
= (X(gm(gM<g£<g M) o fx (g H^£)o(£§w)o(A®M)j <g> MJ o (X ® (5) o (p x <g M) 

^ (Xigm(gMig£igM)o(X(g£(gM(gm(gAf)o(X®£®m®M(gAf)o(X(gA(gM(gM(gM)o(X(g5(gM)o(X(g5)o(^^ 
= (X <g M (g £ (g m (g M) o ^X (g ^(m (g £) o (£ <g m) o (A ig M)J (g M ® MJ o (X ig 5 <g M) o (X (g 8) o (p x ig M) 

^ (X (g M <g £ <g m (g M) o (X <g M ig A (g M (g M) o (X ig m (g M (g M) o (X ig <5 (g M) o (X (g <5) o (p x ® M) 



Therefore, (X (g M (g A') o £» X ® M = (g x ® M ® £ ® M) o £ - x ® M , thus £< X ® M is a right £ <g> M-coaction. Let 
/ : (X, p x ) -> (X', be a right £-colinear map. It is easily check that £I X '® M o (/ <g M) = (/ ® £ ® M) o £) X ® M , 
that is / (g M is a right £ <g M-colinear maps. □ 



COWREATH OVER CORINGS. 



15 



By Proposition 13.31 £ : £ ®a M — > £ is a morphism of A-corings. So one can associated to £ it induction functor 
(— )j : a^ € ® aM ~> a-^* 1 which sends (Y, p Y ) — > (Y, p Y )^ — \ Y, (Y ®a f) o and acts by identity on morphisms, 
see [10] or [6]. We prove by the following, that the induction functor (— )j admits — <g^ M as right adjoint functor. 

Proposition 3.5. Let (£ : A) be any coring and (Af, m) a £-cowreath with structure maps £ : £ ®a Af — > £ and 

<5 : £ (g^ M — y £ <8>a M (g,4 Af . Consider £ (3,4 M as an A-coring with structure given by vrovosition VS .'A There is a 
natural isomorphism 

Hom^ £ ((Y,p y ) ? , {X,p x j) -Hom A _ (£8AM) ((Y,p Y ), (X,p x ) ® A Af) 

/ 1 >- [(X ® A M ® A e) o (/ ® A M ®a £) o (Y ® A m) o p y ] 

[(X ® A e) o (X ® A ° (p* ®a M) o ff ] 1 g, 

for every pair of bicomodules (X,p ) £ a^^ and (Y, p Y ) G a-^^® aM ■ That is the induction functor (— )g is left 
adjoint to the functor — ®a M defined in lemma [ 



Proof. We first show that the stated maps are well defined. Let / : (Y,p Y )^ — > (X, p x ) be any morphism in 
the category a^^, and denote by / = (X eg) Af <g e) o (/ ® M (g £) o (Y ® m) o p y its image. We know that 
° / = (/ ® £) ® ° so compute g x ® M o / 

^<g>M D J = ® m (g) M) o{X®5)o{p x ®M)o{X®M®e)o{f®M®€)o(Y®m)op Y 

= (X ® m <g> M) o (X <g (5) o (X <g £ <g) M ® e) o (p x ® M ® £) o (/ igi Af ® £) o (Y ® m) o p y 
= (X (g m ® M) o (X ® (5) o (X (8) £ ® Af <g> e) o (/ ® £ (g Af <g> £) o (Y <g> £ ® M <g> £) o (p y <g M ® £) o (Y ® m) o p Y 
= (X®m®M)o(X®S)o(X®€®M®e)o(f®€®M®€)o(Y®^®M®€)o(Y®€®M®m)o(p Y ®€®M)op Y 
= (X ® m (g M) o (X ® J) o (X <g £ (g M ® e) o (/ (g £ <8> Af ® £) o (Y ® £ ® Af <g £) o (Y ® £ (g M (g m) o (Y (g> A') o p y 
= (I®ra®¥)o(I®i)o(I®C8M«E)o(/«£8M®i)o(F®^M®C)o(r'®C®M«ra)o(y8C®m8M) 

o (Y (g £ (g <5) o (Y (g A (g M) o p Y 
^ {X ® m® M) o (X ® S) o (X ® <£® M ® e) o (f ® £® M ® £) o (Y ® £® m) o (Y ® £, ® <£® M) o (Y ® £® m® M) 

o (Y (g A (g M (g Af) o (Y (g 5) o p Y 
= (X®m® M)o(X®8)o(X®£®M®s)o(f®£®M® £)o(Y(g£<gm)o(Y<g A®M)o(Y®£®M)o(Y®S)op Y 

=* (X (g m (g A/) o (X ig £ ® M (g M ® e) o (X <g> 5 (g £) o (/ ® £ (g M ig> £) o (Y ® £ ® m) o (Y <g> A <g M) o p y 
= (X ® m ® M) o (X <g> £ (g M (g M (g e) o (/ (g £ ® M ® M ® £) o (Y ® J ® £) o (Y (g £ ® m) o (Y ® A g> M) o p Y 
^ (X <g> m ® Af) o (X <8> £® M <g> Af ® e) o (/ <g> £(g M <g> M ® £) o (Y ® £(g. M ® m) o (Y <g> £<g> m<g> M) 

o (Y (g A <g M (g M) o (Y (g 5) o p Y 
= (X(gM(g£<gM(g£)o(X(gm(gM(g£)o(/(g£(gM(gM(g£)o(Y(g£(gM(gm)o(Y(g£(gm(gM) 

o (Y (g A <g M (g Af) o (Y ® (5) o p Y 
= (X(gM(g£(gM(g£)o(/(gAf(g£(gAf(g£)o(Y(gm(gM(g£)o(Y(g£(gAf(gm)o(Y(g£(gm(gM) 

o (Y (g A (g Af (g M) o (Y <g> <5) o p Y 
= (X(gM(g£(gAf(ge)o(/(gM(g£(gAf(g£)o(Y(gM(g£(gm)o(Y(gm(g£(gM)o(Y(g£(gm(gM) 

o (Y (g A ® M (g Af ) o (Y ® <5) o p Y , 

applying consecutively equations (jl.ip and p.2p to the twist map m, we get 

g x®M Q J = (f m ® £® M) o (Y <g m (g Af ) o (Y ® 8) o p Y 
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Now, we compute (/ ® £ ® M) o p Y , we find 

(/®£®M)o (0 y = (X ® M® £® £® M) o (/<g) M® £® £® M) o (Y ® m® £® M) o (p Y ® £(g> M) op r 
= (X g M ® e g £ g M) o (/ g M ® £ g £ g M) o (Y ® m g £ ® M) o (Y g A') o /0 y 

= (x®M®£®£®M)o(/®M®£®£®M)o(Y®m®£®M)o(y®£®m®Ai') 
o (y ® £ ® o (y g> a ® M) o p Y 

(X®M®£®£®M)o(/®M®£®£®M)o(Y®m®£®M)o(Y®£®m®M) 
o (y <g> A ® M ® M) o (Y g) (5) o p Y 

(/ ® M ® £ ® M) o(Y®M®£®£® M) o (y g) M A g) M) o (Y ® m g) M) o (Y ® 8) o p Y 
(/ ® M <g> £ <g> M) o (y ® m ® M) o (y ® 5) o p y 



Comparing the last two computation, we then get g x ® M o f = (/ g) £ ® M) o p Y . Thus / is right £ (g M-colinear. 

Let g : (Y,p Y ) — > (X ® M,g x ® M ) be now any left A-linear and right £ (g) M-colinear map. The last condition 
means that 5 satisfies 

(3.2) (X ® m ® M) o (X ® 5) o (p x ® M) o g = (g g £ ® M) o p y . 

Denote by j = ( J ® e) o (X ® o (p x ® M) o 5 the image of g. It is clear that g is left A-linear. Let us check that 
it is right £-colinearity. So, we have from one hand that 

p x og = p x o (X ® e) o (X g f ) o (p x ® M) o # 

= (X <g> £ <g> e) o (p x ® £) o (X ® £) o (p x g M) o 5 

= (X ® £ <g> e) o (X g) £ ® f ) o (p x ® £ g) M) o (p x g M) o 5 

= (I®£®e)o(l8C«Qo(I®A® M) o (p x ® M) o g 

= (X <g £ ® e) o (X g A) o (X ® £) o (p x g M) o 9 

= (X ® £) o (p X g M) o gr, 



JO 



and from another hand, we have 

Q?(g>£)o(yg)£)o ( o Y = (X g £ g £) o (X ® £® £) o (p x ® M® £) o (g ® £) o (y <g f) op r 

(X g £ ® £) o (X ® £ g £) o (p x g M ® £) o (X ® M ® f) o (g g £ ® M) o 
(X ® £ ® £) o (X ® £ g £) o (p x g M ® £) o (X g M ® f) o (X ® m g M) o (X g J) 
o (p* ® M) o g 

(X ® £ ® £) o (X ® £ g £) o (p x g M ® £) o (X g m) o (p x g M) o 9 
(X g £ g £) o (X ® £ g £) o (X ® m) o (p x ® £ ® M) o (p x g M) o g 
(X ® £ ® £) o (X ® £ g £) o (X ® m) o (X ® A ® M) o (p x g A/) o 5 
(X ® e ® £) o (X ® A) o (X ® f) o (p x ® M) op = (X ® £) o (p x ® M) o g. 



jot 



These imply the equality p o g = [g ® £) o (Y g £) o p r , that is g is right £-colinear. 
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Next, we show that both maps — and — are mutually inverse. So let / and g two morphisms as above. By 
definitions, we have 

g = (X ® M ® e) o (g ® M ® £) o (Y <g> m) o p y 

= (X (g> M (g e) o (X <g> e ® M <g> £) o (X ® £ <8> M <g> £) o (p x <g M <g> M <8> £) o (g <g> M (g> £) o (Y ®m)o/ 
= (X<gM(g£)o(X(g£(gM(g£)o(X<g£(gM(g£)o (p x ® M ® M ® C) o (1 ® M ® m) o ( 9 ® £® M) o / 

^ (X<gM(g£)o(X<g£(gM<g£)o(X(g>£(g)M<g£)o(p X (gM<gM^ 

= (X(gM<g£)o(X(g£(gM<g£)o(X(g£<gM(g£)o(X®£<gM<gm)o(p x <gM®^ 

= (X®M^e)o(X^e^M®€)o(X^^M®€)o(X®€^M^m)o(X^€^m^M)o(p x ®€®M^M)o(X®5)o(p x iS>M)og 
= (I®M®£)o(I®£®M®£)o(l8^M«ff)o(I®ff®M«m)o(l8e®m®M)o(I®£®i)o(p x ®C®M)o(p x ®M)oj 
= (X®M®e)o(X®e®M^€)o(X®^®M^€)o(X®€®M®m)o(X^€®m^M)o(X^€®S)o(X^A®M)o(p x ^M)og 

^ (X<g>M®£)o(X®£®M<gi£)o(X<g)£(8M<gi£)o(X(8£^ 
= (X®M(g>£)o(X®e®M(g>£)o(Xig)£®m)o(X(g)£<g>£® 

@ (X <g> M ® s) o (X <g> e ® M <g> £) o (X <g> £ <g> m) o (X (g> A <g> Af ) o (X <g> £ <g> M ) o (X ® <5) o (p x ® Af) o 3 
(x ® M (gi e) o (X ® m) o (X ® £ £ ® Af) o (X ® A ® M ) o (p x <g> M ) o g 

= (X <g> £ <g> M ) o (p x 2) Af) o g = g. 



and 



CO) 



/ = (I®e)o(I®()o(/® M) o / 

= (X ® £) o (X ® o (p* ® M) o (X <g> M <g> e) o (/ ® M <g £) o (Y <g> m) o p y 
(X (g) e) o (X (8> o (p x ® M) o (/ <g> M) o (7 8 M ® e) o (F ® m) o / 
(X (g) e) o (X (g> o (/ <g> £ ® M) o (Y (g> £ M) o (p y ®M)o(y« £ ®M)o/ 
(l0£)o(/®£)o(y«^)o(y®^M)o(y®£®M®e®M)o(p y ®£«M)o/ 
/ o (Y (g e) o (y <g> £) o (Y ® £ (g Af) o (y (gi £ <g M ® £ <g> M) o (Y ® A') o p y 
/ o (Y <g e) o (Y ® £) o (Y <g> £ ® Af) o (Y £ <g> Af <g> e (g) M) o (Y ® £ <g> m <g> M) o (Y <8> £ ® 5) 
o (Y <g> A ig> Af) o p Y 

/ o (Y ® £) o (Y <g> £) o (Y <g. £ ® A/) o (Y ® £ (gi £ (gi M (g) M) o (Y ® £ ® <5) o (Y ® A (gi Af) o p y 
/ o (Y ig> e) o (Y (g> £) o (Y <g> £ (gi Af) o(Y(g£(g)£(g)M(g) Af ) o (Y ig> A g> Af (g> A/) o {Y ® 8) o p Y 
f o(Y ® e)o{Y ® £)°{Y ®t® M)o(Y ® 5)o p Y 
fo(Y®e)o(Y®£)op Y = fo(Y®e')op Y = /. 

□ 

Remark 3.6. In general, for any A-corings morphism <j> : 53 — > £ , one can associated to it the induction functor 
(— )^ : — > In this way J) becomes a (£, 35)-bicomodule and (D, £)-bicomodule. If the left module is 

assumed to be fiat or preserves certain equalizers. Then one can define, using this bicomodule, the cotensor functor 
— 0<rQ : ^ £ — > In that case (— )</, admits —D^D as right adjoint, see [10] or [6] for more details. Proposition 

13.51 gives a right adjoint functor to (— )j without requiring any assumption on the cowreath product £ ®>a Af. Of 
course if we asume that (£ ®a Af ) is a flat left A-module, then one can construct the cotensor product functor 
— Dc(£ <8u Af) : a-^ € — > a-^ € ® aM associated to the coring morphisms £ : £ ®a M — > £. In such case we have (— )j 
is left adjoint to — □,r(£(g) J 4 Af), and by Proposition 13. 51 we obtain a natural isomorphism — Cg)^ Af = — □e;(£<g J 4 Af). 

3.1. The functor ^ : ^ M,m) • ^ £ ® M 



COJ 

ecu 
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For any £-cowreath (Af, m), we denote by ^#g M ' m ' ) its category of all right (M, m)-comodules. Let {X, y) be an 
object of the category ^^ M ' m ^ with right coaction p( x 'd : <L®aX — > <L®aX®aM. Recall that p( x >d is a morphism 
of £-bicomodules satisfying the conditions of Proposition [3TTT a) fii) . Define 

g mx .£® x ^ £ g £ <g X ^ £ <g £ <g> X ® Af ^ £«!®£®M. 

We claim that (£ g X, g c ® x ) is an object of the category A Jt mM . That is p mx is a left A-linear and right 
£<g Af-colinear map. The first property is clear, and the second one is obtained as follows. We have 

(£ <g X g e') o p< t ® x = {£® X® e)o(£® X®£)o{£®i® M ) o (£ <g p^)) o (A ® X) 

(£®X®e)o(£®y)o(A®X) 

^ (£(ge®X)o(A®X) = £(gX. 

The coassociativity property comes out as 

{q € ® m ®£®M)oq £ ® m = (£®y<gM®£®M)o(£®p(*'*)(g£(gM)o(A<gX<g£<g^ 

= (£<gy<gM<g£<gAf)o(£(g p( x >*) ig) £ <g Af ) o (£ g £ g y g> M ) o (A g> £ g> X (g M) o (£ g p (x ' r) ) o (A g X) 

= (£ g y <g M (g) £ (g M) o (£ g p (x ' r) ®f®M)o(£8e®f®M)o(A®£®I«JW)o(A«I®M)o 

= (£<gy<gAf(g£<gAf)o(£(g p( X ' r ) ®£®M)o(£®£®j®M)o(£® A®1"® A/)o(A®I®M)o p( x - f ) 

^ (£<gy(gM<g£<gM)o(£g£gX(gm<gM)o(£g£<gy(gM<gM)o(£gA(gX(gM 
= (£(gX(g£(gm®M)o(£®pg)£g)M<gM)o(£®£®pg)M<gM)o(£®A 

^(£<gX(g£<gmg>M)o(£<gX<gA<gAf(gAf)o(£<gy<gM<gAf)o(£<g p (x ' r) <g M) o (A (g X g M) o p^'^ 
= (£(gX<g£<gm<gM)o(£®X<gA®Af<gAf)o(£®yg)Af<gM)o(£(g ® M) o (£ g p {x ^ ] ) o p (x ' ?) 



(£<gX(g£(gm(g)Af)o(£(gX(gA(gAf(gAf)o(£(gX(g(5)o(£(gy<gAf)o(£(g o 
?(£®X8£®ra®M)o(£«I®£®j)o(£®I®A®M)o e c ®* = (£ g) X (g A') o 



which finishes the proof of the claim. Let / : (X, y) — » (X',y') be any morphism in category of right comodules 
' w . Then by Proposition 13. If b) . / satisfies ,? -* ° / = (/ ® Af) o p( X '*\ using this equality, we get 

(/ ® £ ® Af ) o = (/(gi £<g M)o(£<gp<g M) o (£ (g p^)) o (A <g M) 

^ (/ (g £ g> M) o (£ g y <g M) o (A ® X g M) o p^'^ 

= ( ((/ ® o (£ ® y) o (A ® X)) g Af) o 

( ((£ <8> y') o (A g X') o /) <g A/) o 
(£ g y' ® M) o (A g X' ® M) o (/ g M) o p^ 
(£ <g y' (g Af) o (A g X' (g Af) o p^'-*') o / 
(£<g p' (g M) o (£<g p( x '' r ')) o (A <g X') o / 

o/, 



El 



which shows that / is a morphism in the category a^ € ® aM . 

In conclusion we have establish a faithful functor : Jtf' l ' m) -> a JZ € ® aM acting by 



O 



(((I,f),P (A ' r) )) = (£^I,/ w :=(£«aF®jM)°(C«aP M )o(A^4 ©(/)=/• 



3.2. The adjunction, y : A J{ € ~ ^ ^(t-.A) ■ & '■ 

For any object (X, y) in the category a) > we had seen that I £ g Af, (£ <g y) o ( A ig X) J is an object in the 



category of bicomodules a^ € ■ Of course any morphism f : (X, y) — ► (X', y') in Mt<i : a) is by definition f : £ <g X — > 
£(g X' an A — £-bicolinear map. These in fact establish a functor which we denote by W : M^-.a) a^ £ - In other 
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direction, for every object (Z, p z ) in the category a^ € , we have by [TT, Lemma 2.1], that ^Z, 3 = p z o (e ig Z)^j 
is an object of the category M^-a)- Given g : (Z,p z ) — > (Z'.p z ) any morphisms in then clearly £ (g) g : 

<L® Z — > £ <g Z' is a £-bicomodule morphism, since the right £-coactions on £ <g Z and £ <g Z' are given, respectively, 
by /® z = (£ ® 3) o (A <g Z) = (£ ® p z ) o (£ ig) e Z) o (A (g Z) = £ ® p z and /® z ' = £ ® p 2 '. That 
is £ ® 5 : (Z, 3) — > (Z',%') is a morphism in the category ^(c : ^4). These establish a functor which we denote by 
V : A Ji^ — >«(&a). 

We claim that is left adjoint functor to "J^. Recall that, for every pair of objects (Y,t)) G and (Z, p z ) 6 

J 4^# £ , we have 

HQm *< e =A> ^,P Z )) = Hom £ _ c ((C®y), (£®Z)) 

Hom^ £ (V(y n), (Z, p z )) = Hom A _ e ((£ ® F), z) , 

where \ mY = A®F, p € ® Y = (£<gt))o(A(gy), and A £(8Z = A®Z, p c ® z = £<gp z . The natural isomorphism which 
gives the claimed adjunction is given as follows. To every g G Hom^-e- ^(£ ® Y), Z^j , we set g = (£ ® <?) o ( A ® Y) : 

£ <g> y -> £ (8) Z. While, to every / G Hom £ _ £ ((£ (g y), (£ <g Z)) , we set / = (e <g> Z) o / : £ ® y -> Z. Keeping 
these notations, we have 

g mz og = (£ $ p z ) o (£ $ 3) o (A <8> Y) 

= (£ ® 5 <g £) o (£ <g o (A <g y) 

= (£ <gi ^ (g £) o («c ® £ <g tj) o (c (g. a (g y) o (a <g y) 

= (£<g g® £) o (£<g £(g tj) o (A <g £<g y) o (A ® Y) 
= (£ <g g ® £) o (A ® £ ® Y) o (£ ® tj) o (A <g y) 

V (g o (A <g y)) ® c) o = (g ® £) o , 



which implies that g is right £-colinear map. Hence 5 G Homj-j ^(£<g y), (£<g Z)j , since its already a left £- 
colinear map. This defines a map — : Hom^jt \ W(Y, t)), (Z, p z )^ — > Hom^ (t .. A) ((y tj), Y(Z,p z )j. Now, we have 

p z o/ = p z o(e®Z)of 

= (e (g Z <g £) o (£ ® p z ) o f 

= (e® Z®€)o(f® £)o(£®t))o(A®Y) 

= (7®£)og € ® Y . 

Thus / is right £-colinear map. Whence / G Hotha-c (^(€®Y), Z^j , as / is by definition left A-linear. This 
establishes a map — : Hom^ (e .. A) ((Y, t)), 'V(Z,p z )^j — > Hom 4 ^c (W(Y, t)), (Z, p z )^. One can easily check that 
= g and f = f, for every / and g as above. Therefore, there is a natural isomorphism 
Hom a(f:A) ((y,tj), ^(Z,p z )) = Hom A ^e- (#-(yn), (Z,p z )) , 



for every pair of objects (Y, 5) G an d i^,p z ) G 



and the desired claim is proved. 



We now summarize the situation by giving the following non commutative diagram: 



(3.3) 



M 



(C:A) 



(M,m) 



20 



L. EL KAOUTIT 



where the adjunction — ® (M, m) H ^ is the usual one associated to the category of comodules over a coalgebra 

(€:A) 

defined in monoidal category, and where the rest of pairwise arrows indicate the adjunction W H "V given in 13.21 and 
(— )^ H — ®a M stated in Proposition 13. 51 

4. The dual notions: Wreath over rings extension. 

In this section we give without proofs the "dual" of the majority of results stated in the previous sections. Notice 
that the notion "dual" is not at all perfect since there are several duales in the present context. This is due probably to 
the fact that any bicategory admits three kind of dualisation: by reversing 1-cells, by reversing 2-cells, or by reversing 
both them. 

The notion of coring is dual to that of ring. That is given any ground base ring A, and consider its category 
of A-bimodules a-^a as monoidal category with multiplication the tensor product over A\ an A-coring is then a 
coalgebra in a-^a, while an A-ring is an algebra in a-^a- In this way an ^4-ring is just a unital ring extension 
l : A — > T (i.e. a unital morphism of rings). The tensor product — ®a — will be denoted in some occasions by — ® — . 

From now on, let us fix a rings extension i : A — > T, which we expresse by (A : T). The multiplication of T will be 
denoted by n (or Ht) and it unit by 1 (or 1^). Associated to (A : T), as in Section [T] there is an additive monoidal 
category &(a-.t) j defined by the following data 

• Objects. Are pairs (P, p) consisting of an A-bimodule P and an yl-bilinear map p : T ®a P —> P ®a T satisfying 

(4.1) (P®^)o(p®T)o(T®p) = po(^®P) 

(4.2) po(l®P) = P®1 

Given any object (P, p) and any left T-module X with action \x ■ T ®a X — > X . Then one can easily check that 
P ®a X inherits an structure of left T-module given by the action I p® A x — [P ®A lx) ° (p ®A T). Of course if X 
is assumed to be a T-bimodule, then P ®a X becomes also a T-bimodule. In this way for each object (P, p), the 
A-bimodule P <8>a T will be always considered as a T-bimodulc. 

• Morphisms. For any two objects (P, p) and (P', p'), the K-module of morphisms is defined by 

Hom« (A; T) ((P, p), (P', p')) := Hom T _ T (p ® A T, P' ® A r) . 
The category Si^A-. t) 1S monoidal with horizontal multiplication given by 

(P,p) ® (P',p') = (P® A P', {P®aP')°(P®aP)) 

(A: T) V / 

Now, for any pair of morphisms a : (P, p) — > (Q,q) and j3 : (P',p') — * (Q 1 , q'), the vertical multiplication a <g> (3 is 

(A-.T) 

defined as the composition map 



Pi 



a ® (3 

P' ®T (A - T) - ^Q®Q' ®T 



iP's,T 



P ® T <g> P' (g) T 



Q®Q'®T®T 





Q®T®P'®T- 



P' ®T®T 



or equivalently, a 



(3 = (Q ® Q' ® /i) o (Q (g) q' ® T) o (a ® /?) o (P (gi 1 ® P' ® T). The identity object of this 



(A:T) 

multiplication is proportioned by the pair (T (8) A = A <g> T, A) . 

Remark 4.1. Let (A : T) be any rings extension and P an A-bimodule. Then one can easily check that the following 
statements are equivalent. 



COWREATH OVER CORINGS. 



21 



(i) P ®a T is a T-bimodule with right T-action rp®T = P <S> H\ 

(ii) there is an A-bilinear map p : T ® P — > P ® T such that (P, p) is an object of the category S%(a-.t)- 

Lemma 4.2. Let (P, p) and (Q,q) two objects of the category &tA;T)> an d f P —> Q an A-bilinear map. the 
following conditions are equivalent 

(a) f (Ei a T : (P, p) — » (Q,q) is a morphism in 3£(A:T)> 

(b) f satisfies the equality 

qo(T®/) = (/®T)op. 



Proof. Straightforward. 



□ 



Definition 4.3. Let (A : T) be a rings extension, and consider its associated monoidal category <5?Va:T)- A wreath 
over T or T-wreath is a an algebra in 8&<a:T)-> an d cowreath or T-cowreath is a coalgebra in ^(a : t)- 



Remark 4.4. As in the case of corings, in Definition 14.31 we are defining in fact a right wreath and right cowreath. The 
left versions of those definitions are given in the left monoidal category J£ia-.t) whose object are pairs (u, U) consisting 
of an A-bimodule U and A-bilinear map u : U ®a T — > T ®a U satisfying the equalities 

(4.3) uo([/®l T ) = 1 T ®U 

(4.4) uo(U®n) = {fJ,®U)o(T®u)o(u®T). 

The K-modules morphisms are Homy (/1 . T) f(u,U), (u', U'u = Hohit-t (t ® a U, T ® a U'^j , where T ® A U and 
T®a U' are endowed with a structure of T-bimodule with right T-action given, respectively, by fT® A u = {^®A U) o 
(T <S>a u) and rT® A u' = (p ®A V) ° (T ®a u'). The multiplications in this monoidal category are given as follows: 
Given a : (u, U) — > (t>, V) and (3 : (u', f/') — » (t>', V') two morphisms in -£?(a : t)! the horizontal multiplication is defined 

by 

(u,C7) <8> {u',U') = ((u® A U')o(U® A u'),U® A U') 

(A: T) V / 

and the vertical multiplication is defined by 

(A:T) 



The dual version of Proposition 12.21 is the following 

Proposition 4.5. Let (A : T) be a rings extension, and (P, r) an object of the category S&ia-.t)- The following 
statements are equivalent 

(i) (P, r) is a T-wreath. 

(ii) There is a T -bilinear maps r\ : T — > R®aT and \x : R®aR®aT —> R®aT rendering commutative the following 
diagrams 

R® R®T — ^ R®T R® R®T ^ R®T 




R®T 



R® R®T® R 



R®T®R- 



■T ® R 



• R®T ® R- 



R® R® R® T ■ 



■ R® R® T ■ 



R® R®T 



R®T 



The object and morphisms in the category of right modules over a wreath are expressed in the following proposition 
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Proposition 4.6. Let (R, r) be a T -wreath with structure maps ij : T — > R ®a T and fi : R ®a R <%>a T — > R ®a T. 

(a) Consider (Y,t)) an object of &ia-.t)- The following conditions are equivalent 
(i) (Y,t)) is right (R,t) -module; 

(ii) There is a T -bilinear map r^y, tj) : Y ®a R ®a T -^Y ®a T such that 

Y®R®T — — ^Y®T Y <8> R®T <g> R — Y ® R® R®T ^-^Y ® R®T 




Y®T® R- 



+ Y ®R®T- 



r (Y, g) 



-*~Y ®T 



Y®T 

are commutative diagrams. 

(b) Given two right (R,v) -modules (Y,t)) and (Y',t)'). A morphism g : (Y,t)) — > (y',t)') in &( A -.T) * s a morphism of 
right (R, r) -modules if and only if g terns commutative the following diagram 



*- y ® t ® i? 



Y® R®T 




Y' ®R®T 



(y',o') 



Analogously we expresse the objects and morphisms in the category of left modules over a wreath 

Proposition 4.7. Let (R, r) be a T -wreath with structure maps ij : T — > R ®a T and fi : R ®a R ®a T — > R ®a T. 

(a) Consider (Y,t)) an object of $£(A:T)- The following are equivalent 
(i) (Y, X)) is left (R,x)-module; 

(ii) There is a T-bilinear map \(Y,t>) '■ R ®A Y ®a T — > Y ®a T such that 




R®Y®T R® R®Y ®T ■ 

x,) R®R®t) 



R®Y ®T ■ 



'(Y, 0) 



Y®T 



fJ.®Y 



Y ®T, R®R®T®Y — >- R®T®Y R®Y®T 

are commutative diagrams. 

(b) Given two left (R,v) -modules (Y,t)) and (Y',X)'). A morphism g : (Y,X)) — > (y',t)') in &(a-.t) * s a morphism of 
right (R, r) -modules if and only if g terns commutative the following diagram 

R®Y®T mg - R®Y'®T 



<(Y, D) 



+ Y'®T 



Let (R,t) be a T-wreath and (V, t)) a right (i?, r)-module and left (R, r)-module with actions maps l(y, t>) : ^ ®A 
y (Su T -> y ® A T and r ( y „) :y®Ai?®iT-*78 A r. Then (Y, t>) is a (i?, t)-bimodulc if and only if 

(4.5) l ( y „) o (R ® y g) /x) o (i? ® r ( y, 9 ) ® T) o (ii ® Y ® J? ® 1 <g> T) 

= r (y, t,) o (y ® -R <8> o (y <8> t ® T) o (l ( y 0) ® i? <g> T) o (i? <g> y <g> 1 ® i? ® T). 
The wreath product is described by the following proposition 

Proposition 4.8. Let (A : T) be any ring extension and (R, t) a T-wreath with structure maps t] : T — > R ®a T and 

: R ®a R ®A T — > R ®a T. Then (A : R ®a T) is a ring extension whose multiplication and unit are defined by 

fi' = (R®Ati)°(p®AT)o(R® A T® A T), rj' = tjoI. 
Moreover, ij : T — > R ® A T is a morphism of A-rings. 
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4.1. Functors connecting modules categories. Given (R, t) a T-wreath, we denote by m tt )"^ its category of all 
right (R, r)-module. As in the case of corings, we have a noncommutative diagram 

(4.6) (r,t)~^ >■ r®t^t 



(R,v) 



(A: T 



<?/' 



L'0 - 



(-)., 



W' 

2%(A:T) < — T^A, 

y 

where 

• the functor O' : (h, x)^ ~* r®t-^t is defined by 

C(((r,tO,l(y, 9 ))) = ®A T, I TOa t := (7 ®a ° (!(/, ,) ®i T) ° ®A t, ® A X)) , 0'(f) = f; 

• the functors of the adjunction V H W : 'f' : t-^a i - &(A-.T) '■ W are defined by 

((P,p)) = P® A T 1 W'tf) = f 

and 

Y\X, \ x ) = (X, r := (X ® A 1) o | x ) , Y'(f) = f ® A T; 

• the adjunction R ®a — H ( — )>j is the usual adjunction associated to the A-rings morphisms of Proposition[ 

• the adjunction (R, r) ® — H is the usual adjunction for the category of right modules over an algebra defined 

(A:T) 

in monoidal category. 

4.2. Twisted tensor product algebras are wreath products. Let T and R two A-rings with multiplications 
and units (j,Ti It and Assume that there is an A-bilinear map r : T ®a R —> R ®a T satisfying 

(4.7) vo(l T ®R) = R®1 T 

(4.8) ro( MT ®fi) = (i?®^ T )o(r®T)o(T®t) 

(4.9) ro(T(g)l fl ) = 1 R ®T 

(4.10) ro(T®^) = ® T) o (i?® r) o (t® 

Equations (|4.7p and (I4.8[) say that (i?, r) is an object of the category Mia-.t)- While equations (|4.9[) and (|4.10p say 
that (r, T) is an object of the category SfftA.R)- 

Taking the maps »7 := 1# ®a T : T — > R ®a T and := \ir ®a T : R ®a R ®a T — > i? ®,4 T, we can easily check 
using associativity and unitary properties of fiR and I/?, that rj and fi satisfy the commutativity of the diagrams 
stated in Proposition 14. 5f ii). Equations (|4.9|) and (|4.10j) show that both r] and \± are T-bilinear maps. That is (R, r) 
a T-wreath with structure maps »7 and /x. The wreath product R ®a T is by Proposition 14.51 an A-ring extension of 
T with multiplication and unit 

/-*' = (/J>R ®A A*t) ° (-R <8>A t ®A T), lfl® A T = lfl®AlT- 

Of course (r, T) £ -£?(A:.r) can be also considered as an i?-wreath with structure maps R ®a It and R ®a f-T, and 
will leads to the wreath product R ®a T but this time a ring extension of R. 

In the commutative case (i.e. A = K), these algebras were refereed in the literature by twisted tensor product 
algebras, and were intensively studied by several Mathematicians, see [TSJ UHl |H1 [H] and references cited there. 
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4.3. Example: Ore extensions are wreath products. (0 Example 2.11]). We prove in this subsection that the 
classical Ore extension [5J 115] constructed by using left skew derivations are in fact a product of wreath defined over 
a commutative polynomials rings with one variable. So consider such polynomials ring T = K[X], and let B be any 
ring (i.e. K-algebra). Assume that 6 is a left tr-derivation of B, where a is a endomorphism of rings of B. That is 5 is 
a K-linear maps obeying the rule 6(bb') — S(b)b' + a(b)S(b'), for every b, b' e B. We define by induction the following 
map b : T ® K B -> B ® K T, 

b(l®&) = 6®l 
b(X®6) = <t(6) <8> X + 5(b) ® 1, 

and if b(X" ® b) = J2i<i< n ® A 1 , for some n > 1, then 

n 
i=l 

Following to the proof of [9, Proposition 1.10], consider the K-linear endomorphisms ring E = Endjj {B[t]\ of a 
commutative polynomial ring over B. Clearly the ring B is identified with its image in E by using left multiplications. 
The maps a and 6 are extended to maps in E where aibf 1 ) = a(b)t l and 5(bt l ) = S(b)t % , for all 6 6 B and i = 0, 1, • • •. 
Denote by V the element of £7 defined by Y(f) = <j(f)t + 6(f), for all / e B[i], and construct a map 

B ® K K[X] End K (B[t]) 
6 X™ I ^ 6F" 

t is in fact injective since the left B-submodule generated by the set {Y n } n =o x ... is a free. By the associativity of 
E, we have robof^B) = t o (B ig) /x) o (b ® T) o (T <g> b). Whence b o (/i ® B) = (B ® /i) o (b ® T) o (T ® b), 
thus (b, B) is an object of the category M^. t) ■ Using again the injectivity of the map r, we can prove that (b, B) is 
a T-wreath with structure maps r\ : T — > B ®k T sending X" i — >• 1 <8> X n and //, : B ®k B ®k T — > B Cg>K sending 
6 g> 6' £g> X™ i— > &&' ® X". In this way the product of this wreath is a K-algebra with underlying K module B ®k K[X] 
and multiplication 

n 
z=l 

where b(X n Cg) 6') = Xa<i<n K ® This algebra is in fact an extension of B via the map — ® 1 : B — > B ®k K[X]. 
Now given any rings extension : B — > 5 and assume that there exists an element Z £ 5 such that Z6 = er(&)Z + (5(&), 
for all 6 € B. This condition leads to construct a ring extension <p : B %K[1] — ► S sending b® X n i— > bZ n . Its clear 
now that (j> = <f>o(—®l). In conclusion the K-algebra B <8>kK[A] satisfies the universal condition on Ore extension, 
and thus B ®k K[X] = B[F; er; 5]. Notice that B 0k K[X] is isomorphic to the subalgebra J2i=o l •■■ °^ ^- 
Here in fact we have constructed a wreath product with commutative base ring. An example of wreath with non- 
commutative base ring can be constructed as above using an iterated Ore extensions over a non commutative ring A. 
That is one can prove that the iterated Ore extension of type A[Ai; o\\ &{\\Xi\ <ii\ 82] is a wreath product with base 
ring A. 

4.4. Cap et al construction of twisted modules. In this subsection we review Cap et al Section 3] constructions 
of what they call a twisted modules over a twisted tensor algebra. The problem concerned in Section 3] is rephrased 
in the non commutative case as follows: Given A a non commutative base ring, T, R and r : T <S>a R — ► R ®A T as 
in subsection 14.21 a (T, A)-bimodule X, an (B, A)-bimodule Y, can we make X ®a Y into a left R <8> t T-module in a 
way which is compatible with the inclusion of R, i.e. such that (r <S> 1t)-( x ® y) = ( rx ) ® 2/j f° r every r G R, x 6 X 
and y £ where R <g> t T := B (3,4 T denotes the wreath product of subsection l4.2l The left action which the authors 
proposed is the following one 

\ X9 y:R®T®X®Y Rm ® Y ; R®X®T®Y ? X®Y 
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where \x '■ T ®a X — > X and ly : R ®a Y —> Y are, respectively, the A-bilinear left action map of X and Y, and 
y : T ®a X ^ X ®a T is some A-bilinear map. A suffisent condition which should satisfies y in order to answer 
positively to the above question using the map \x®y<, was given in the commutative case in [7J 3.6 and 3.7] and says 
the following: y is said to be a left module twisting map if and only if 

(4.11) yo(l T ®A) = X®l R 

(4.12) fo(/i T ®I) = {X® pL T )°{l®T)o(T®i) 

(4.13) yo(T®l x ) = (\ x ® T )o(R®t)o(v® X). 

Theorem 3.8] says: If y is a left module twisting map, the \x®y gives the answer to the above question. A 
reciprocate implication was also given in that Theorem: If X is projective and for one left faithful module Y the map 
\x®y defines a left action which compatible with the inclusion of R then y is a left module twisting map. 

Let us traduce the above constructions in our context. First of all, it is obvious that equations (|4.11|) and (|4. 12p say 
that (X, y) is actually an object of the category Mia-, t) ■ Take the A-bilinear map \( X . f ) := lx ®A T : R ®a X ®a T — > 
X ®a T. It is easily seen that this map satisfies the commutativity of the diagrams sated in Proposition I4.7f ii). By 
Lemma l4~2l \(x,f) is a T-bilinear map if and only if equation (|4.13p is fulfilled. Therefore, y is a left module twisting 
map if and only if (X, y) is a left (R, r)-module with action lpf,y) — 'jf ®A T. Thus what Cap et al were constructing 
is just an induced left module over the wreath (i?, r). Next, we formulate the non commutative version of [3 Theorem 
3.81. 



Proposition 4.9. Let (R,?) be the T-wreath of subsection \4-'A and X an (i?, A) -bimodule with left R-action \x- 
Assume that (X,z) is also a left (R,v)-module with action r) : R®a X ®a T — > X ®a T and that 

l(Jt, f ) ° {R® X ® 1 T ) = {X®l T )o\ x . 
Then, for every {T , A) -bimodule Y, the A-bilinear map 

R®T® X®Y- — ^R® X® T®Y — ^X®T® Y 

~ ~ ~ - - _ x®\ Y 

'x®v ~~ -— ^ 

~ ~ ^ X ® Y 

define a left (R ® t T) -action which is compatible with the inclusion of R. 

Conversely, If X ®a preserves equalizers, — ®a T is faithful functor, and \x® a t ■— Ox ®A Mt) ° (R ®A y ®A T) 
define a left (R ® t T)-action on X ®a T which is compatible with the inclusion of R for some A-bilinear map 
y : T ®a X — > X ®a T then {X, y) is a left (R, x) -module with action \( X , j) — 'x ®A T. In particular y is a left module 
twisting map. 

Proof. The unitary property of \x®Y comes from that of \y and of l(x,y)( i- e - the first diagram in Proposition ^. 7f ii) ) . 
The associativity of \y and of l(x. r )(i-e. the second diagram in Proposition 14. 7f ii)) lead to that of \x®y, taking into 
the account that the structure maps of the wreath (i?,r) are 1r ®a T and hr ®a T. The proof of the reciprocate 
implication is lifted to the reader. □ 

The right version of Proposition 14. 91 is expressed in the monoidal category J£ia-.r) using the R- wreath (r, T). If we 
combine both versions then we get a criterion on R ® t T-bimodules of the form X ®a Y as in Proposition 3.13]. 



Proposition 4.10. Let (R,v) and (t,T), respectively, the T-wreath and R-wreath of subsection Given X an 

R-bimodule, and V a T-bimodule with actions \x, fx and ly, xy . Assume that (A,y) is also a left (R,t)-module and 
(x>, V) a right (v,T)-module with actions, respectively, \(x,p) and \( ,v), and consider the maps 

\x® A v = [M ® A W) ° (l(X, t) ®A V) o(R®aI ®a V), r x ® A v = {fx ®A V) o (X ® A r (0)V) ) o (X ®A ®A T) 
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If X ®a y is {R ®A T)-bimodule with action \x® A v and fx® A v then the following diagram is commutative 



(4.14) 



T® X® V <g R 



X®T®V ® R 



X®V ® R 



X®o 



T® X® R®V 



X® R® V 



T®r x ®V 



rx®V 



T ® X ®V 



X ®T ®V 



x®\ v 



X®V 



This {R® AT)-biaction onX®AV is left compatible with the inclusion of R and right compatible with the inclusion ofT 
whenever \<x,i) and rv,, m satisfy the equalities \(x,x)°{R® aX®a^t) — (X®a1t)°\x and f( V ,v) ° {^r^>aX®aT) = 
(1 R ® a V) o x Y - 

Conversely, if = \x ®A T, f(o,v) = R ®A *v, and the diagram of equation (|4. 14[) commutes then X ®a V is 

an (R ®a T)-bimodule. 

Proof. Analogue to that of [JJ Proposition 3.13]. □ 
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